Abstract. Let R be an artinian ring. The double Ä-dual ( )** preserves monomorphisms, is left exact, or is right exact if and only if R is QF-3, has dominant dimension at least 2, or is QF, respectively. Furthermore, both double dual functors preserve epimorphisms of finitely generated (left and right) modules if and only if both dual functors ( )* are exact on short exact sequences of finitely generated torsionless modules, and these conditions are equivalent to finitely generated torsionless modules being reflexive. Rings of dominant dimension at least one, and at least two, as well as QF rings, have been extensively studied. (See [9] for a thorough account.) A left or right artinian ring R is (left) QF-3 in the sense that it has a minimal faithful 0eit) module if and only if dom dim R > 1 ; and dom dim R > 2 if and only if R is QF-3 and is its own maximal quotient ring. Although it has apparently not been noticed before, all three of these kinds of rings can be characterized by exactness of the double dual. Indeed, we shall prove here that a left or right artinian ring R satisfies dom dim R > 1 or dom dim R > 2 if and only if ( )** preserves monomorphisms in Ä-Mod or is left exact on Ä-mod, respectively. Furthermore, if R is right noetherian or left artinian, then ( )** is right exact on /?-mod if and only if R is QF. In addition we shall show that if R is noetherian, both double dual functors preserve epimorphisms of finitely generated (left and right) modules if and only if both dual functors are exact on short exact sequences of finitely generated torsionless modules, and these conditions are equivalent to finitely generated torsionless modules being reflexive.
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We begin by recalling that a left or right artinian ring R is QF-3 if and only if there are idempotents e, f e R such that Re and fR are faithful and the functors Hom/RJ( , fRe) and Homeie( , fRe) define a duality between the categories of finitely generated left fRf-and right ef?e-modules. In this case Re and fR are injective over R and finitely generated over eRe and fRf, respectively, Hom/Rj(fR, fRe) = Re, HomeRe(Re, fRe) m fR and fRe is an injective cogenerator over both//?/and eRe. (See [2] , [3] , [6] .) Also we recall that for any ring R there is a natural transformation a: \R.Mod -» ( )**, defined via the usual evaluation maps aM: A/-» M**, and aP is an isomorphism for any finitely generated projective /?-module P. An Ä-module M is called torsionless (reflexive) in case aM is a monomorphism (an isomorphism); and it is well known (e.g. see [6] ) that M* is always torsionless. Now we are ready to prove our first two results. ; now /? also has a.c.c. on finitely generated left ideals, so /? is left artinian. If every finitely generated left module over a left artinian ring is torsionless, then each indecomposable injective left /?-module embeds in /? because all of its finitely generated submodules do, so /? is QF (cf.
[»])• Our final theorem gives several characterizations of those noetherian rings for which the functors ( )** preserve epimorphisms of both finitely generated left and right modules. We suspect that the conditions of this theorem actually do imply that ( )** preserves all epimorphisms, at least for artinian rings. (1) Over hereditary artinian (noetherian) rings, (finitely generated) torsionless modules are projective. Thus ( )** preserves epimorphisms (of finitely generated modules) over any such ring.
(2) If /? is an indecomposable serial (i.e. generalized uniserial) ring that is neither hereditary nor QF, then R has a Kupisch series /?*?,,. . ., Re" such that for some 1 < i < n, /?£,_, s Je, and 1 < c(/?eI+1) < c(Re¡), where c(M) denotes composition length and / is the radical of /?. If k = c(Rei+l) -1, then Re¡/Jke¡ s Jei+i is torsionless and there is a monomorphism Jke¡ -> /?e,_, (see [4] ). This clearly cannot extend to a map into /?, so condition (d) of Theorem 4 does not hold. Thus we see that over an indecomposable serial ring ( )** preserves epimorphisms (of finitely generated modules) if and only if the ring is hereditary or QF. with entries in a field F. Let e be the matrix with a = 1 and zeros elsewhere. Then every indecomposable left (right) /?-module is isomorphic to a submodule of a quotient module of Re (resp. eR) (see [10] , for example), and Re/Je and Je (resp. eR/eJ and eJ) are the only nonprojective torsionless modules among them. Thus, upon checking that (Re/Je)* m eJ, (Je)* m eR/eJ, (eR/eJ)* m Je, and (eJ)* s Re/Je we can apply Theorem 4(c) to show that ( )** preserves epimorphisms of finitely generated /?-modules even though /? is neither hereditary nor QF.
